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Abstract—We consider networks where traffic is served according to the

is work-conserving. Commonly-used scheduling mechanisms

Generalised Processor Sharing (GPS) principle. GPS-based scheduling al-jpp packet-SNitched networks, such as Wei ghted Fair Queuei ng

gorithms are considered important for providing differentiated quality of
service in integrated-services networks.

We are interested in the workload of a particular flow: at the bottleneck
node on its path. Flow: is assumed to have long-tailed traffic characteris-
tics. We distinguish between two traffic scenarios, (i) flow generates in-
stantaneous traffic bursts and (ii) flow: generates traffic according to an
on/off process. In addition, we consider two configurations of feed-forward
networks. First we focus on the situation where other flows join the path of
flow 7. Then we extend the model by adding flows which may branch off at

any node, with cross traffic as a special case. We prove that under certain

conditions the tail behaviour of the workload distribution of flow ¢ is equiva-
lent to that in a two-node tandem network where flow: is served in isolation

at constant rates. These rates only depend on the traffic characteristics of
the other flows through their average rates. This means that the results .

(WFQ) and other algorithms[14], are based on GPS.

Achieving differentiated QoS is a challenging task due to the
highly bursty traffic characteristics in high-speed communica-
tion networks. In contrast to traditional assumptions, the bursti-
ness extends over a wide range of time scales. Statistical data
analysis [13], [16] has in fact shown that traffic patterns may
look similar when observed on various time scales. This be-
haviour is usually referred to as self-similarity. Several studies,
e.g. [9], further offered evidence of a closely related property
called long-range dependence, which means that correlations

do not rely on any specific assumptions regarding the traffic processes of IN the traffic activity decay slowly over time. These findings

the other flows. In particular, flow ¢ is not affected by excessive activity of
flows with ‘heavier-tailed’ traffic characteristics. This confirms that GPS
has the potential to protect individual flows against extreme behaviour of
other flows, while obtaining substantial multiplexing gains.

Keywords— Generalised Processor Sharing (GPS), heavy-tailed traffic,
regular variation, Weighted Fair Queueing (WFQ)

|. INTRODUCTION

Integrated-servicesnetworks carry alarge amount of different
services. Each of these services has its own traffic characteris-
tics and requires its own quality of service (QoS) guarantees.
This heterogeneity in traffic characteristics and QoS guarantees
creates the need for traffic control mechanisms to regulate the
usage of network resources. In particular, scheduling mecha-
nisms play an important role in achieving differentiated QoS.
One of the most important scheduling algorithms is the Gen-
eralised Processor Sharing (GPS) mechanism, which was first
studied by Parekh and Gallager [11], [12]. GPSis characterised
by two attractive properties, (i) each backlogged flow is guaran-
teed a minimum service rate and (ii) the excess service rate is
redistributed among the backlogged flows in proportion to their
minimum service rates. Because of the second property GPS

LAlso with KPN Research, PO. Box 421, 2260 AK Leidschendam, The
Netherlands.
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caused a fundamental shift in modelling traffic behaviour. Clas-
sical models mostly assume traffic processes with a Markovian
structure, which are inherently short-range dependent. Recently
though, the focus has shifted to traffic processeswith long-tailed
characteristics, which provide a useful paradigm for modelling
long-range dependence and self-similarity. An example of such
amodel is an on/off process where the on periods are regularly
varyingwith index —v,v € (1, 2).

Itisnot clear to what extent long-tailed traffic may impact the
potential for scheduling mechanismsto help achieve differenti-
ated QoS. To be able to guarantee end-to-end QoS, it is particu-
larly relevant to understand to what degree traffic flows may be
negatively affected asthey traversethe network. Anantharam[1]
was one of thefirst to study theinfluence of scheduling strategies
on the extent to which long-tailed traffic affects network perfor-
mance. He showed the influence can be significant, depending
on whether or not preemption is admissible.

In this study weinvestigate theimpact of long-tailed traffic on
performancein GPS networks. Existing work on GPS networks
islargely restricted to adeterministic setting. 1n [12] Parekh and
Gallager show that the first GPS property, minimum guaranteed
rates, trandates into worst-case bounds on delay and workload
for leaky bucket controlled traffic flows. It is clear that the sec-
ond GPS property, work conservation, yields statistical multi-
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plexing gains. In order to quantify these gains however, and to
examine how they are possibly influenced by the occurrence of
long-tailed traffic, a stochastic analysis of GPS networks is re-
quired.

Networks of fluid flows seem to defy exact analysis for all
but a few specific cases, and in particular we are not familiar
with any stochastic analysis of GPS networks. In the present pa-
per we specifically focus on GPS networksfed by several traffic
flows, of which at least one has long-tailed traffic characteris-
tics. Under certain conditions we show that the tail distribution
of the workload of the long-tailed flow at the bottleneck node
on its path is equivalent to that in a two-node tandem network
whereit is served in isolation at constant rates. These rates are
the service rates of the two bottleneck nodes for the long-tailed
flow in the original network, reduced by the average traffic in-
tensities of the other flows. Hence, the long-tailed flow is only
affected by the traffic characteristics of the other flows through
their average rates and is not influenced by excessive behaviour
of any of the other flows. Thisresult extendstheresultsin Borst,
Boxma and Jelenkovi€ [?], [4] for a single GPS node fed by
traffic with long-tailed characteristics. Agrawal, Makowski and
Nain [2] establish a similar reduced-load equivalence result for
afluid queue fed by aflow with subexponentially distributed on
periods and a general light-tailed flow.

The remainder of this paper is organised as follows. In the
next section we consider a simple two-node tandem network,
which is fed by a single flow. As aluded to above, this model
will play akey rolein analysing more complex network config-
urations. We relate the tail behaviour of the busy-period distri-
bution at node 1 to the arrival process. Then we determine the
tail behaviour of the workload distribution at node 2 in terms of
the residual busy-period distribution at node 1. Two traffic pro-
cesses are considered, (i) atraffic flow generating instantaneous
bursts and (i) atraffic flow behaving according to an on/off pro-
cess. We describe the GPS mechanism in more detail in Section
[11. In Sections IV and VI we extend the model of Section |1 to
a GPS tandem network that is fed by multiple flows. We con-
sider two network configurations: in Section IV we assume that
all flowswhich are served at node 1 proceed to node 2, whilein
Section VI we alow for flows which are only served at node 1.
In both sections we determine an upper and a lower bound for
the workload distribution of the long-tailed flow at node 2. In
Section V we proveageneral lemmawhich showsthat the lower
and upper bounds for the workload distribution asymptotically
coincide. We use this lemmato derive the asymptotics for the
other models in this paper as well. In the subsequent sections
we extend the analysis to more general GPS networks with the
long-tailed flow traversing more than two nodes.

Il. TWO-NODE NETWORK FED BY A SINGLE FLOW

In this section we consider a simple tandem network, which
is fed by a single flow. We analyse the tail behaviour of the
workload distribution at the first and second node. Admittedly,
this model represents the ssimplest possible network scenario,
but it playsacentra rolein the further analysis. We need the re-
sults concerning the tail behaviour of the workload distribution
in thistandem network to analyse more general networks, where
multiple flows share the capacity according to the GPS princi-
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ple. Surprisingly, it turns out that in the GPS networks that we
consider, the tail behaviour of the workload distribution of an
individual flow is equivalent to that in atandem network where
the flow is served in isolation at constant rates.

First we introduce some notation. Denote by d; and d- the
constant service rates at node 1 and node 2, respectively. We
assume d; > d- to exclude the trivial case where the workload
at node 2 is always zero. We define p to be the traffic intensity,
i.e., the mean amount of traffic offered to the network per unit
of time. For stability we assume p < d,. Denote by A(s, t) the
amount of traffic generated during the time interva (s,t]. We
define W¢(t) to be the workload at time ¢ if the flow were fed
into a queue of rate c,

We(t) :== sup {A(s,t) —c(t — 9)},

0<s<t

assuming We(0) = 0. For ¢ > p, W° is astochastic variable
with the limiting distribution of W¢(t) for ¢ — co. We define
P to be the busy period in this queue. Observe that the total
workload in the tandem network at time ¢ is W?2(t), while the
workload at node 1 is W (t). Thus the workload at node 2 at
timetis

Wiz (1) = W (1) — W (1), (D)

assuming the system is empty a time 0. For dy > p, let
W12 phe a stochastic variable with the limiting distribution of
Wdnd2(¢) for t — oo.

For any two real functions f(-) and g(+), we use the notational
convention f(x) ~ g(z) to denote lim, . f(z)/g(z) = 1,
or equivalently, f(z) = g(z)(1 + o(1)) asz — oo. For
any stochastic variable X with distribution function F'(-) and
EX < oo, denote by F"(-) the distribution function of the
residual lifetimeof X, i.e., F"(z) = &% [, (1 — F(y))dy, and
by X" astochastic variable with that distribution.

The classes of long-tailed, subexponential, regularly varying,
and intermediately regularly varying distributions are denoted
with the symbols £,S,R and TR, respectively. See [15] for
the detailed definitions of these classes and [6] for general back-
ground on heavy-tailed distributions.

We now state some resultsfor the distribution of the workload
and the busy period at a single node. We need these results to
determine the asymptotic behaviour of W %142 and later that of
the workload in more general networks.

A. Instantaneousarrivals

Suppose the flow generates instantaneous traffic bursts ac-
cording to a Poisson process with rate \. Let K be the stochas-
tic variable representing the burst size. We assume that the burst
size distribution K (-) is intermediately regularly varying with
mean . The traffic intensity is p = Ax. The following three
results play acrucia rolein the analysisin subseguent sections.

Theorem 1.1 (Pakes[10]) If K"(-) € Sand p < ¢, then

P(W® > z) ~ ﬁp(z{r > ).
Theorem 1.2 (Zwart [17]) If K(-) € ZR and p < ¢, then

P(P > z) ~

- p]P(K > z(c—p)).
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The above theorem immediately gives the tail distribution of
the residual busy period.

Theorem 1.3 (residual busy period) If K() € ZR and p <
c, then

P(P" > z) ~ ﬁ]P(KT > z(c — p)).

B. On/off processes

Suppose the flow generates traffic according to an on/off pro-
cess. We assume the off periods to be exponentially distributed
with mean 1/A. While on, the flow produces traffic at a con-
stant rate r. Assume the stochastic variable representing the on
period K to have an intermediately regularly varying distribu-
tion with mean . Because the fraction of off time is equal to
p = 177 thetraffic intensity is equal to p = 5. Thefol-
lowing three results are the analogues of Theoremsl1.1, 11.2 and
1.3, respectively.

Theorem 1.4 (Jelenkovi¢ and Lazar [7]) If K"(-) € S and
p < c<r, then

P(W° > z) ~ p——P(K" > ).
c—p r—c

Theorem 1.5 (Boxmaand Dumas[5], [17]) If K(-) € IR
andp < ¢ < r, then

r—
The following theorem immediately follows from Theorem
[1.5.
Theorem 1.6 (residual busy period) If K() € ZR and p <
c < r, then

P(P > ) Npﬁ]P(K > 36(07_0”)).

w(c—p))_

P(P" > z) ~ p—P(K" >
c—p r—ec

C. Workload distribution

The above results compl etely specify thetail behaviour of the
workload distribution at node 1. Moreover, we can use them to
analyse the workload distribution at node 2. Observe that the
input process at node 2 is an on/off process with as on periods
the busy periods at node 1. The on rate is equal to the service
rate at node 1, d;. The off periods correspond to the idle periods
at node 1, which are exponentially distributed. In addition, the
on and off periods at node 2 are independent.

For both traffic scenarios the tail distribution of the resid-
ual busy period at node 1 is intermediately regularly varying.
Hence, we can apply Theorem 1.4 to determine the tail be-
haviour of the workload distribution at node 2, which is given
in the following lemma.

Lemma I1.1 (workload second node) If K(-) € ZR, then

T
dl _dz),

P(P" >

P(Wad2 > z) ~p -2

( )~Dp A

with the fraction of off time p’ = 4.2

In order to derive the workload distribution of flow 7 in more

general networks, we will need three propertiesof P (17 %122 >
x). These properties are given in the following lemma.
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Lemmall.2: For the traffic scenarios described in Subsec-
tions 11-A and I1-B the following three properties hold: (i) for
a, 5 sufficiently small,

]P(Wd1+a,d2+5 > .Z’)
P it > o)

withlim, g0 G(a, B) = 1;
(i) for any real y,

lim
T —>00

=G, 6), )

. PWindz 5 g —y)
S ©

(iii) for any ¢ > p there exists afinite constant C' such that,

i P(W® > x)
Proof: Theoremsl|.3,11.6 and Lemmall.1 haveto be used
for all properties. In addition, we usefor (ii) that P"(-) € TR C
L for both traffic scenarios. Finally, for (iii) we use Theorems
1.1, 11.4and Lemmall.1, and thefact that K" (-) € ZR. |

I1l. PRELIMINARIES

In the next sections we extend the model which we described
in the previous section. We consider again a two-node tandem
network, but now fed by multiple flows, where traffic is sched-
uled according to the GPS mechanism. We focus on the work-
load distribution of aparticular flow ¢ which passesthrough both
nodes. In this section we introduce the notation which we use
throughout the paper and we explain how the GPS mechanism
operates. Although the network that we consider in Sections |V
and V1 has only two nodes, we introduce notation for networks
where flow i traverses N nodes.

At each node of the network, traffic is served according to the
GPS mechanism which operates as follows. Define ¢,, to be the
service rate of node n and S to be the set of all flows that
receive serviceat noden, n = 1,..., N. Eachflow ¢ € S™ is
assigned aweight ¢, ,,. If every flow at noden is backlogged at
timet, then flow ¢ € S is served at noden at rate

¢q,n = ¢)q7n ~Cp.

2 gestn Pan

If some of the flows that are served a node n are not back-
logged at time ¢, then the excess service rate is redistributed
among the backlogged flows at node n in proportion to their
respective weights. This means that the server aways operates
at thefull servicerate when thereiswork, and thus GPSiswork-
conserving.

Denote by Ag(s,t) := ) o Aq(s,t) the amount of traffic
generated by flows ¢ € @ inthetimeinterval (s, t], and denote
by A, . (s,t) theamount of traffic that arrivesat noden originat-
ing fromflow ¢ during (s, ¢]. In particular, A, ,,(s,t) = A4(s, 1)
if node n is the first node that flow ¢ feeds into and we define
Agn(s,t) = > cq Agn(s,t). Let By (s, t) be the anount
of service that flow ¢ receives at node n during the time inter-
val (s,t]. Define V, ,(t) as the workload of flow ¢ at node n
a time ¢, and V, ,, as a stochastic variable with the limiting
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distribution of Vj ,,(¢) for ¢ — oo (assuming it exists). Sim-
ilarly, we define Vg ,.(t) = >_,co Va,n(t) and we denote by
Va(t) == 3 e 50 Va,n(t) thetotal workload at noden at timet.

Using the above definitions, the following identity relation
holdsfor 0 < s < t,

Vq,n(t) = Aq,n(sat) + qu(s) - Bq,n(sat)~ ©)

Using (5), the following relation exists between the arrival
processes at two successive nodes,

Agnt1(s,t) = Byn(s,t) = Agn(s,t) + Vyn(s) — Vq,n(t)(. |
6
Thetotal workload at node . at time ¢ is given by,

Va(t) = sup {Agwm) n(s,t) —cn(t —5)}, ()
0<s<t
assuming that V,,(0) = 0.

We define p, to be the average rate of flow ¢ and pg :=
quQ p, 1o be the aggregate average rate of all flows g € Q.
Let W (t) betheworkload at timet in aqueuewith service rate
¢ > 0 whichisfed by theflowsg € Q. Then, for ¢ > pg, W§
is a stochastic variable with the limiting distribution of W ()

for t — co. Analogously we denote by 1W¢,"** (t) the workload
at time ¢ at node 2 of atandem network fed by the flowsq € Q.
For dy > po, ng’d2 is a stochastic variable with the limiting

distribution of W"* (¢) for ¢ — co.
We make the following two crucial assumptions throughout
the remainder of this paper.

Assumption 3.1: We assume for each flow ¢, ¢, > p, for
aln=1,...,N.

This assumption impliesthat each flow is guaranteed ahigher
rate than its average rate, which ensures stability. Define ¢,, :=
Cn — Pgim\{i} 8S the average service rate available at node n
for flow i, i.e., the service rate at node n minus the aggregate
averagerate of all flows € S(™) other than i.

Assumption 3.2 We assume éy <
1,...,N— 1.

The above assumption implies that node N can be viewed as
the bottleneck node for flow . The next lemma gives an upper
boundfor V; ,, (¢) which followsimmediately from the GPS dis-
cipline. Since thislemmais a special case of LemmaV11.3, we
omit the proof.

Lemma I11.1 (GPS upper bound workload) Forn € {1,2},

cp, for dl n =

Von(t) <Woa(t),
with &q = ¢q,1 ifn=1and (z;q = min{(ﬁq,l,éq,Z} ifn=2.

IV. MERGING FLOWS

We distinguish between the following two scenarios. In this
section we assume the other flows which feed into the network
to join the path of flow ¢, i.e., they are not allowed to leave this
path (see Fig. 1). In Section VI flows are alowed to leave the
path of flow i. Thelatter model includes crosstraffic asaspecial
case.

In particular, we consider the following scenario in this sec-
tion. We assume the GPS network to be fed by flow ¢ and by two
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Fig. 1. Two-node network with merging.

additional sets of flows. The set S; and flow i feed into node 1
and are served both at nodes 1 and 2, while the set of flows S»
feed into node 2 and receive only service at this node. We are
interested in the distribution of the workload of flow i at node 2,
Via-

In this section we derive both alower and an upper bound for
P(V; > > x). Theideacan be described as follows. If the flows
other than i always showed exactly average behaviour, then V; »
would in distribution be equal to W, In reality, stochastic
fluctuations in the activity of the other flows will cause V; » to
deviate somewhat from W%, Accordingly, the bounds will
relate V; » to W% with some additional correction terms. In
the subsequent section, we show that these terms can be ne-
glected asymptotically, resulting in the exact workload asymp-
totics.

In both the upper and lower bound for V; » (¢) we need aman-
ageable expression for the total workload at node 2. The follow-
ing lemma, which follows immediately from (6) and (7), pro-
vides such an expression.

Lemma V.1 (alternative expression V> (t))

Vz(t) = sup {Ai(svt) + ASI (Svt) + Asz (S,t)

C 4A(s) —ealt - 8)}
- sup {Ai(svt)+AS1(svt) _cl(t_s)}'

0<s<t
Before presenting the lower and upper bound, weintroducean
additional variable. For ¢ < pq, Uy, isdefined to be astochastic
variablewith thelimiting distribution of U, (¢) fort — oo, with

Ug(t) = sup {c(t —s) — Ag(s,1)}- (8)

0<s<t

Throughout the analysis, we use the following properties of
the sup operator,

SItlp{f ) +9(®)} < sgp{f ()} + sgp{g(t)}, )
which also implies

sup{/f(t) +9(t)} 2 sup{f(t)} —sup{—g(t)}.  (10)

Lemma IV.2 (lower bound P {; » > z)) Forany § > 0, € >
0 sufficiently small and any y,
]P(‘/i,z > .Z’) Z ]P(WiE1fe,Ez+26 > o+ y)]P(Y(E,e S y),

with Y%¢ a stochastic variable with the limiting distribution of
Y %€(t) for t — oo, where

YOt = UL + UL () + WET (1)
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— M2 ()+\2(t)
~ M (1)
M2(t)

time

Fig. 2. Overflow scenario instantaneous traffic bursts.

+ Y WP+ Y W),
gE€SL geS>
The stochastic variable Y% can be seen as the ‘ correction
term’ mentioned earlier, accounting for scenarios where V; »(t)
issmaller than W' ~©%72(¢),
Proof: The proof follows by writing V; »(t) = Va2(t) —
Vs, 2(t) — Vs, 2(t) and then using Lemmas 111.1, V.1 and (9),
(10) to obtain V; »(t) > W/ ~9®T20() — Yo<(t). Then use
independence of Y"%>¢ and the traffic process of flow i. |
Lemma IV.3 (upper bound P(V; » > x)) Foranyn >0, v >
0 sufficiently small and any v,

P(Vio >z) < PWITER72 5 0y
+ P(WP > z)P(Z" >y),

with Z™" a stochastic variable with the limiting distribution of
Zm¥(t) for t — oo, where

ZmV () = UES T (8) + WE () + WS T (8).
Analogously to Y€ in the lower bound, the stochastic vari-
able Z™¥ can be seen as the correction term, corresponding to
situationswhere V; » (t) islarger than W, %272 (¢),
Proof: The proof follows by observing V; »(t) < V(#)
and then using Assumption 3.2, Lemmasl|I1.1, V.1 and (9), (10)
to find

Via(t) < min{ W7 (1), W2 (1) 4 2 (1)},

Then use independence of Z™¥ and the traffic process of flow i.
|

V. TAIL BEHAVIOUR WORKLOAD DISTRIBUTION

We now state our key theorem concerning the tail behaviour
of the workload distribution.

Theorem V.1 (asymptotic equivalence) For the traffic scenar-
ios described in Subsections 11-A and 11-B, under Assumptions
3.1and 3.2,

P(Vip > z) ~ P(W% > z),
where é; and ¢, represent the total service rate minusthe aggre-

gate average rate of al flows other than flow ¢ at nodes 1 and 2
respectively, as defined in Section I11.
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workload — Ma(t)+M2(t)
= Ma(t)

M2(t)

time

Fig. 3. Overflow scenario on/off process.

According to this theorem, the workload distribution of flow i
at node 2 is asymptotically equivalent to that in a tandem net-
work where flow i is served in isolation at rates ¢; and é.
Hence, the workload of flow 7 at node 2 is only affected by
the characteristics of the other flows through their averagerates,
even when the other flows are ‘heavier tailed’. This suggests
that an extremely large workload of flow i is most likely due
to either along on period or a large burst size of flow ¢ itself.
During the subsequent congestion period, the other flows con-
tinue to receive service at approximately their average rates. In
the theorem this is represented by the constant rates ¢; and é.
Thisresult extends the result of [?] for the single-node case and
showsthat GPSis capable of isolating flowsin networksaswell.

The typical overflow scenario is schematically depicted in
Fig. 2. At some point, flow i generates a large burst, causing
Vi1 (¢) toreach some largevalue. After that, flow i returnsto its
average behaviour, producing traffic at rate p;. Consequently,
V;.1(t) will start to decrease at roughly rate p; — &, and V; »(t)
will start to increase approximately at rate ¢, — &, until V; 1 (t)
reducesto zero at some point. From thenon, V; 1 (¢) will remain
relatively small, and V; »(t) will also start to decrease, roughly
at rate p; — é, until V; 2 (¢) becomes zero as well. The corre-
sponding behaviour for an on/off processisillustrated in Fig. 3.

A similar reduced-load equivalence result is obtained in [2]
for a flow with subexponential on periods and a general light-
tailed flow. In our situation, the other flows need not be light-
tailed because of the GPS properties. Note however that As
sumption 3.1 is crucial. If p, > ¢, for some flows ¢ other
than flow ¢, then these flows may not receive service at a sta
ble rate when other flow ¢ generates a large amount of traffic.
These flows can take away less capacity than p,. Alternatively,
if p; > ¢;, then flow ¢ may not receive service at a stable rate
when other flows generate alarge amount of traffic. In the latter
case, flows with an on period distribution or a burst size distri-
bution which is heavier tailed than that of flow 7 will potentially
affect the workload of flow 7, see[3].

The above theorem follows from a general lemma which
shows that the bounds of Lemmas V.2 and 1V.3 asymptotically
coincide. Before giving thislemma, we first introduce some ad-
ditional notation. For a > 0, a1 > as > 0, let R; be some
stochastic variable. For §,¢,n and v > 0 let C”¢ and D™ aso
be stochastic variables.

Lemma V.1 If for d,e,n and v > 0 sufficiently small and
any y,

P(R; > z) > P(W" =" > o4 y)P(C%5 <y), (12)
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Fig. 4. Two-node network with splitting.

< PWIHTET S gy
+ P> 2)P(D™ > y),

andP W > z) andP(W,
and (4), then

12)
al,az > .Z’) SaUSfy PropertleS(Z) (3)

PR, >z) ~PW™" > ).
Proof: Using the lower bound (11) and Properties (2) and
(3), we obtain for any 6, ¢ > 0 sufficiently small and y,

P Q%Z > .Z’)
P(W/ " > x)
which tendsto 1 when we let y — oo and then é,¢ | 0. Anal-
ogously, using the upper bound (12) and Properties (2), (3) and
(4), we havefor any n, v > 0 sufficiently small and y,

P @z > x)
P[> 1)

with C < oo. The first term tends to 1 and the second term
vanisheswhenwelet y — coandn,v | 0. ]

lim inf 6,5)]P(Ci’§ <),
T —r 00

> Gi(-

lim sup
T—r00

< Gi(n,—v) + CP(DY > y),

V1. SPLITTING FLOWS

Consider again a tandem network in which the following
flows are served according to the GPS principle (see Fig. 4).
Asin Section 1V, flow 7 and the set of flows S; feed into node 1
and are served both at nodes 1 and 2, and the set of flows Ss
feed into node 2. In addition, we consider in this section the set
of flows S3 which feed into node 1 but do not move on to node 2
after receiving service at node 1.

In the following lemma we give an aternative expression for
V> (t) which follows directly from (6) and (7).

Lemma VI.1 (alternative expression V5 (t))

Va(t) = sup {Ai(s,t) + Ag, (s,t) + As,(s,t) +
0<s<t

Vii(s) + Vs 1(s) — eat — 8)} + Vg1 ()
— sup {4;(s,t) + As, (s,t) + As,(s,t) —c1(t — )}
0<s<t
Now we derive both an upper and alower boundfor P {; » >
x). These bounds are similar to the boundsin Lemmas V.2 and
IV.3, except that the structure of the correction terms Y %< and
Z™" is more complicated due to the presence of the additional
set of flows Ss.
For §, e > 0, redefine Y % to be a stochastic variable with the
limiting distribution of Y®<(#) for t — oo, with

Yoe(t) = US”SI*‘E()+U§jf‘5()+wg’fl+f()

Z W¢q Z Wd’q

gEST qeS2

+ psg +e
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For n,v > 0, redefine Z™" to be a stochastic variable with
the limiting distribution of Z™¥(t) for t — oo, with

Zm () = UG () +Ug® (1) +Us® (1)
+ Z Ps +u + Z qu(t)
qE€Ss

Lemma VI.2 (lower bound P(V; » > x)) Forany § > 0, € >
0 sufficiently small and any y,

P(Vip > ) > P 29220 5 04 )P 0 <y).
Proof:  The proof follows by observing that V; o(t) =
Va(t) — Vs, 2(t) — Vs, 2(t) and then using Assumption
3.2, Lemmas I11.1, VI.1 and (9), (10) to obtain V;»(t) >
Wi 268 H20 (1) _ yde(4), Then useindependence. u
Lemma V1.3 (upper bound P(V; » > z)) Foranyn > 0,v >
0 sufficiently small and any v,

P(Vip>a) < PR > g —y)
+ PP > 2)P(Z" > y).
Proof:  The proof follows by observing that V; »(t) <
V2 (t) and then using Lemmas 111.1, VI.1 and (9), (10). Writ-

ing As, (r,s) = As,(r,t) — As, (s, t) and splitting some corre-
sponding terms, we then find

Vi (t) < min{We (1), WEH2ne2=4v () 1 7m0 (1)},

Then use independence. |

Now we have al the ingredients to use Lemma V.1, which
gives the main result of this section.

Theorem V1.1 (asymptotic equivalence) For the traffic sce-
narios described in Subsections I1-A and 11-B, under Assump-
tions 3.1 and 3.2,

P V2 >zx)~ ]P(Wial’a2 > ),

where &, and ¢, represent the total service rate minusthe aggre-
gate average rate of al flows other than flow ¢ at nodes 1 and 2
respectively, as defined in Section I11.

VII. PRELIMINARIES GENERAL NETWORKS

In the next two sections we extend the model of Section VI
and focus on the N'th node on the path of flow ;. We assumethis
node to be the bottleneck node for flow i. Again we assume the
flows to be served at each node according to the GPS mecha-
nism. First we introduce some additional notation and present a
number of lemmas which we use in the next sections. Then we
analyse the behaviour of the workload of flow i at the bottleneck
node on its path, if no other flows feed into any of the nodes on
this path. Although this model is quite simple, it provides some
useful intuition for the resultsin Sections V11 and IX.

We define S; to be the set of flows that feed into node j and
S?. to bethe set of flowsthat feed into node m and leave the path
of flow i at node p (so flowsin S%, receive service at node p).
For ¢ € S?, wedefine ¢, := min{¢q,m, ..., dq,p}, Whichisthe
minimum rate guaranteed to flow ¢ on its path along node m up
to and until p.
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We now present some lemmas which we use in the next sec-
tions. For lack of space, we omit most of the proofs. For details
we refer to [15]. The following lemma, which can be proven
using induction on n — m, gives alower bound for the amount
of service that flow ¢ receives at node n during the timeinterval
(s, t].

Lemma VII.1 (lower bound B, ,,(s,t)) For ¢ € S2, 1 <
m <n <pandvy, < ‘Z’q'

Byn(s,t) 27t —5) = sup {y4(sm —5) = Ag(s,5m)}-

<8, <t
Using thislemma, we can derive an upper bound for the total
workload of flow g € S?, a nodesm, ..., n. Thisupper bound
is presented in the next lemma.
Lemma VI11.2 (upper bound total workload flow ¢) For ¢ €
Shil<m<n<pandy, < dg,

zn: Va.i(t) < Wje ().

The above lemmaimmediately implies the following lemma,
which includesLemmalll.l asaspecial case.

Lemma VI1.3 (GPS upper bound workload) For g € S?,1 <
m <n < p, -
Von(t) < Woe(t).
From Lemma VI1.2 we can derive an upper bound for the
amount of service that flow ¢ receives during the interval (s, ¢]
aswell. Thisupper bound is given in the following lemma.

Lemma VI1.4 (upper bound B, ,(s,t)) For ¢ € S2, 1 <
m <n<pandy, < ¢,

Bon(s,t) <vq(t—s)+ sup {Ag(sm,t) = Y(t —sm)}.

0<s,, <t

We now briefly discuss the workload behaviour at the Nth
node of a network which is fed only by flow i. Take
m* € argming—1 _ n—_1{&,}. In Section Il we assumed that
én > éy (Assumption3.2) fordln =1,...,N — 1, so that
Cm* > CN.

Theorem VI1.1 (workload node N)

PVin>z)=P W "N >uz).

Proof: Observe that, because of the definition of m*, the
total workload at nodes1, ..., m* isequal to that at anode with
service rate ¢, which is fed by the original traffic process of
flow i. Hence, Z;”:*l Vij(t) = W (t). Sinceen < ey
(Assumption 3.2) we can apply the same reasoning to the to-
tal workload at nodes 1,..., N and we have 3277 | V; ;(t) =
WEN(t). In[8] the following observation is made. If ¢, > ¢;
for £ > j then the backlog at node k£ will aways be zero in
stationarity and this node can be removed from the tandem net-
work. Because the nodes succeeding node m* (except N) have
aservice rate which islarger than ¢, -,

N—-1
> Vi) =0

j=m*+1

and we have, using (1),

N m*
Vin(t) =D Vii(t) = Y Vij(t) = Wimo~ (1),
j=1 j=1
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Fig. 5. General network with merging.

The workload at node N in this network is equal to that at
node 2 in a two-node tandem network serving flow ¢ at rates
cm+ and cy. Thus the distribution of the workload is entirely
determined by the bottleneck nodes. Intuitively, this can be ex-
plained as follows. The workload at a particular node depends
on two rates, the rate at which traffic is sent into the node and
therate at which traffic is served by the node. Thefirst rateisthe
rate at which traffic is served by the bottleneck node on the path
to the relevant node, i.e,, ¢,,~. The other rate is the service rate
for flow i, which is cn. Asymptotically, thisis till true for the
more general networks which we discuss in the next sections.

VIll. GENERAL NETWORK WITH MERGING

Analogousdly to Sections IV and VI we distinguish between
two network scenarios. In this section we consider an extension
of the network described in Section 1V and assume that each
node on the path of flow 4 in the GPS network is fed by an addi-
tional set of flows (see Fig. 5 for the case where flow i traverses
4 nodes). These sets follow the path of flow 7 and do not leave
before node N, the bottleneck node. In Section I X we consider
an extension of this network and the network described in Sec-
tion VI and allow the flows feeding into a node on the path of
flow 7 to leave this path before the bottleneck node.

We first derive bounds for IP(V; y > ). Theideais similar
to that in Section IV. If the flows other than ¢ always showed
exactly average behaviour, then V;,, would in distribution be
equal to TV }"*“~. In Section VII we showed that T}~
has the same distribution as W™ *°~ . In addition to W™~
the bounds contain some correction terms accounting for the
stochastic fluctuations of the flows other than flow ¢, which we
later show can be asymptotically neglected.

Recall that in the two-node model the upper and lower bounds
for V; 2 (t) were derived from boundsfor V; (¢) and V5 (). Sim-
ilarly, in the N-node case, the lower and upper bounds for
Vi~ (t) rely on bounds for the total workload at each node
n € {l,...,N}. Define X,,(¢t) :=

sup
0<5:1<...<Spnt1=t

{Ai(s1,1) + Z[Asj (s,t) = cj(sj41 — 7)1}

In the next lemma, which can be proven using induction, we
give an expression for V,, (¢) intermsof X,,(¢). This expression
will be used in deriving the upper and lower boundsfor V; n (t).

Lemma VI1I1.1 (workload noden) Forn > 2,

Va(t) = Xp(t) — Xpn—1(%).
In order to determine a lower and an upper bound for V,,(¢)
we haveto find alower and an upper bound for X, (¢).
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Lemma VII1.2 (lower bound) Forany 6,,...,60,,

Xa(t) > WE(t) - Z UZ (),

J

Jj=1

S 65

with e := ming,—1__n{cm —

Proof: Exploit the fact that >0 6;(t — s;) =
S 9(sj41 — s;) With 09 == 327 6, to rewrite X, ()
and then use (8) and (10). [ ]

Lemma VI11.3 (upper bound) For any &, ..., &,,

Xn(t) < Wi(H) + Enj Wl (t),

withd := minp,—1,_,{cm — Z;nzl 332
Proof: Similar to that of the lower bound. |
We now use the boundsfor X, (t) to construct alower and an
upper bound for P {V; y > x). We first introduce some addi-
tional notation similar to Section IV. For §,¢ > 0, define Y9
as a stochastic variable with the limiting distribution of Y %¢(#)
fort — oo, with Y€ (t) :=

N ps;—0 iy ps.+e N bt
YU (O + D We W+ Y, Y W)
j=1 j=1

J=14€S;

For n,v > 0, define Z™" as a stochastic variable with the
limiting distribution of Z™¥(t) for ¢ — oo, with

N N-—-1
Zm0 () =S WET () + Y UE T ).
j=1 j=1

Lemma VI11.4 (lower bound IP(V; x > )) For any § > 0,
e > 0 sufficiently small and any y,

]P(Vri,N > .Z’) >P Wiim*—m*e,EN-‘rN& Sz +y)]P(Y‘5’€ < y)
Proof: By definition, Vin(t) = Vn(t) —
Yy Yges, Van(#). This is lower bounded by Xn(t) —

Xnoi(t) — E;.V:l > qes; Wq~"(t) using Lemmas VII.3 and
VII1.1. Now use the lower bound in Lemma VII1.2 for Xy (¢)
with ; = ps, — ¢ and the upper bound in Lemma VI1I1.3 for
Xn-1(t) with§; = ps; + . Then use independence. [ |

Note that thelower bound for V; »(¢) in LemmalV.2 isindeed
aspecial case of the lower bound for V; n ().

Lemma VII1.5 (upper bound P(V; n > x)) For any n > 0,
v > 0 sufficiently small and any v,

P(Vin >z) < ]P(me“m*n,EN—NV >z—y)

+ PWP s oP(Z™ >y).  (13)

Proof: By definition, V; n(t) < Va(t). Thus, because
of LemmaVIIl.1, V; n(t) < Xn(t) — Xn_1(t). Analogously
to the proof of the lower bound use the upper bound in Lemma
VIIIL3 for Xn(t) with §; = ps; + v and the lower bound in
LemmaVIll.2for Xn_i(t) with#; = ps;, —n. Then useinde-
pendence. [ ]
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Fig. 6. Genera network with splitting.

Note that the upper bound for V; »(¢) in LemmalV.3 isaspe-
cial case of the upper bound for V; n (t).

We are now able to characterise the tail behaviour of
P(V;nx > z). It follows immediately from Lemma V.1 and
the lower and upper bound given in Lemmas VIIl.4 and VII1.5.

Theorem VII1.1 (asymptotic equivalence) For the traffic sce-
narios described in Subsections I1-A and 11-B, under Assump-
tions 3.1 and 3.2,

PVinv>zx)~ ]P(W;m*’EN > ),

where ¢,,,- and éy represent the total service rate minus the ag-
gregate average rate of all flows other than flow i at nodes m*
and N, respectively, as defined in Section I11.

Remarkably, the workload distribution of flow 7 at the bot-
tleneck node is asymptotically equivalent to that in a two-node
tandem network where flow i is served in isolation at constant
rates. In SectionsV and V1 theseratesare simply ¢; and é. For
the N-node network we have to take the two smallest service
rates for flow 7 when reduced by the aggregate average rates of
theother flows, ¢,,,- and ¢ . Hence, for the network described in
this section aswell, the workload of flow 7 at the bottleneck node
is only affected by the characteristics of the other flows through
their average rates. This suggests that an extremely large work-
load of flow i at its bottleneck node is most likely due to either
along on period or alarge burst of the flow itself and the other
flows showing roughly their average behaviour. Consequently,
we can consider flow ¢ to be served in isolation at constant rates
é1,...,¢n. Following the reasoning of [8] as in the proof of
Theorem V11.1 we can removeall nodeswith capacity ¢, > &,
after which we are left with a two-node tandem network.

IX. GENERAL NETWORK WITH SPLITTING

In this section we extend the model of the previous section
and assume that each node on the path of flow 7 is fed by an
additional set of flows, which may leave this path before node N
(seeFig. 6 for the case where flow i traverses 4 nodes). We omit
most of the proofs and refer to [15] for details.

We first introduce some additional notation. Define flﬁ (s,1)
to be the amount of work arriving at node & during the interval
(s, t] associated with flows entering the path of flow ¢ at node &
and passing through nodep > k,i.e,

N
AB(s,t) := ) Agp(s,t).
=p

Similarly we define V/”(¢) to be the workload at node & at
time ¢ associated with flows passing through node p > £ (in-
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cluding flow 7), i.e.,

kN
ZZVSW" ) + Vik(t)-
j=1m=p

Finally we define ¢} (s, t) to be the amount of service avail-
ablein nodek during theinterval (s, t] for flows passing through
nodep > k,i.e,

k p—1

ZZBSm (s,t).

i=1 m=k

k(s t) =it —s)

The following lemma expresses the workload at node n at
timet associated with the flows passing through nodep, in terms
of XP(t), with X2(t) :=

517 +Z

Lemma IX.1 (workload noden) For2 < n < p,

sup
ogsls...gsnﬂ_t

(sk,t —ci(sk,sk+1)]}-

Vi) = X3(t) — X1 (8). (14

Proof: Similarto that of LemmaV111.1. |

If ZJ 1 Z Bgm (s,t) = 0 and wetakep equa to N in
(14)50thatck(sk,sk+1) = cp(sgpr1—sg)fork=1,... ,N—1,

then we see that it reduces to the result in LemmaV111.1 where
we assumed that flows cannot leave the path of flow i before
node N.

As before, we can derive lower and upper boundsfor X2(¢),
using Lemmas VI1.1 and V1.4 to obtain bounds for the terms
Bsm c(Sk, Sk+1) oceurring in ¢y (sg, sg+1) in XE(t). These
bouinds are similar to those in Lemmas V111.2 and VI11.3. We
can then use these bounds to obtain lower and upper boundsfor
P(V; v > x). Define

o :zz Z |Sm|+2]§2 Z 1.

Jj=1m=k f=1j=1m=f

Lemma 1X.2 (lower bound P(V; ny > z)) For any d,e > 0
sufficiently small and any y,

P(Viy > @) > (Wm0 SV H00N s g (Y0 <),
with Y%¢ some random variable independent of the traffic pro-

cess of flow .

Proof:  Vin(t) = Vw(t) — S0, Ygesy Van(t), by
definition. This is lower bounded by X¥(t) — XX _,(¢) —
S Y esy Wi(t) using Lemmas VII.3 and IX.1. Now

we can use a lower bound for X ¥ (¢) and an upper bound for
XN_1 (). |

Lemma IX.3 (upper bound P(V; y > x)) For any n,v > 0
sufficiently small and any y,

Plin >) < PW oo s g —y)

+ PWP > )P(Z™ > y),
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with Z* some random variable independent of the traffic pro-
cess of flow i.

Proof: By definition, V; v (t) < Vn(t) = V' (t). Using
LemmalX.1,V; n(t) < X¥(t)— XX _,(t). Analogously to the
proof of Lemma IX.2 we then use an upper bound for X ¥ (¢)
and alower bound for XY (). [ ]

The lower and upper bound for V; () in Lemmas 1X.2 and
IX.3 reduceto the lower and upper bound in Lemmas V111.4 and
VI1I11.5, in case we assume that no flows leave the path of flow i,
e, ST = 0 form < N.

We now have gathered all the elementsto characterise the tail
behaviour of the workload distribution in the most general class
of networksthat we consider.

Theorem I X.1 (asymptotic equivalence) For the traffic sce-
narios described in Subsections |1-A and 11-B, under Assump-
tions3.1 and 3.2,
~ (W™ > 1),

(3

]P(Vi7N>1')

where é,,,- and én represent the total service rate minus the ag-
gregate averagerate of al flows other than ; at nodesm* and IV,
respectively, as defined in Section I11.

Again the workload distribution of flow ¢ at the bottleneck
node is asymptotically equivalent to that in a two-node tandem
network where flow i is served in isolation at constant rates.

X. CONCLUDING REMARKS

In this paper we analysed the workload behaviour under the
GPS mechanism in networks fed by multiple flows. Specifi-
cally, we considered a particular flow 4 traversing the network
and assumed it to have heavy-tailed traffic characteristics. We
showed that the tail behaviour of the workload distribution of
flow ¢ at its bottleneck node is equivalent to that in a two-node
tandem network where flow i is served in isolation at constant
rates. In case flow 7 traverses only two nodes and the second
node is the bottleneck node, these rates are the service ratesin
the original network reduced by the average rates of the other
flows. However, when flow i traverses more than two nodes,
we have to take the rates from the nodes which are bottleneck
when the servicerate is reduced by the average rates of the other
flows. Hence, flow i is only affected by the characteristics of the
other flows through their average rates. This suggests that the
GPS mechanism is capable of isolating individual flows in net-
works, even when they have heavy-tailed traffic characteristics,
while achieving significant multiplexing gains.

The results in this paper may be extended in several direc-
tions. We assumed for each flow the minimal rate guaranteed by
the GPS mechanism to be larger than the average input rate. It
may be possible to relax this assumption for a certain class of
flows asin [4]. In this paper we only considered the workload
distribution at nodes with the minimum average service rate for
flow i on its path. The tail behaviour of the workload distri-
bution of flow ¢ at a node following the node with the minimal
average service rateis an interesting topic for further research.

REFERENCES

[1] V. ANANTHARAM. Scheduling strategies and long-range dependence.
Queueing Systems 33 (1-3), 73— 89, 1999.

IEEE INFOCOM 2001



(2

(3]

(4]

(9]
(6]

(8]

(9]

(10

(11

(12

(13]

(14

[19]

(16]

(17

0-7803-7016-3/01/$10.00 ©2001 IEEE

R. AGRAWAL, A.M. MAKOWSKI AND P. NAIN. On a reduced load
equivalence for fluid queues under subexponentiality. Queueing Systems
33(1-3), 5—41, 1999.

S.C. BORSsT, 0.J. BOXMA AND P.R. JELENKOVIC. Induced burstiness
in Generalized Processor Sharing queues with long-tailed traffic sources.
Proceedings of the 37th Annual Allerton Conference on Communication,
Control, and Computing, Urbana-Champaign, Illinois, 1999.

S.C. BORST, O.J. BOXMA AND P.R. JELENKOVIC. Asymptotic behav-
ior of Generalized Processor Sharing with long-tailed traffic flows. Pro-
ceedings of Infocom 2000, Tel Aviv, 912 — 922, 2000.

0.J. BoxMA AND V. DUMAS. The busy period in the fluid queue. Per-
formance Evaluation Review 26, 100 — 110, 1998.

P. EMBRECHTS, C. KLUPPELBERG AND T. MIKOSCH. Modelling Ex-
tremal Events, Springer Verlag, Berlin, 1997.

P.R. JELENKOVIC AND A.A. LAZAR. Asymptotic results for multiplex-
ing subexponential on-off processes. Advances in Applied Probability 31,
394 — 421, 1999.

O. KELLA AND W. WHITT. A tandem fluid network with Lévy input.
Queues and Related Models, |. Basawa and U. Bhat (eds.), Oxford, Ox-
ford University Press, 112 — 128, 1992.

W.E.LELAND, M.S. TAQQU, W. WILLINGERAND D.V. WILSON. On
the self-similar nature of Ethernet traffic (extended version). IEEE/ACM
Transactions on Networking 2, 1 — 15, 1994.

A.G. PAKES. On the tails of waiting-time distributions. Journal of Ap-
plied Probability 12, 555 — 564, 1975.

A.K.PAREKH AND R.G. GALLAGER. A generalized processor sharing
approach to flow control in integrated services networks: the single node
case. IEEE/ACM Transactions on Networking 1 (3), 344 — 357, 1993.
A.K. PAREKH AND R.G. GALLAGER. A generalized processor shar-
ing approach to flow control in integrated services networks: the multi-
ple node case. IEEE/ACM Transactions on Networking 2 (2), 137 — 150,
1994.

V. PAXSON AND S. FLOYD. Wide area traffic: the failure of Poisson
modelling. IEEE/ACM Transactions on Networking 3 (3), 226 — 244,
1995.

D. STILIADISAND A. VARMA. Efficient fair queueing agorithms for
packet-switched networks. |EEE/ACM Transactions on Networking 6 (2),
175 - 185, 1998.

M.J.G. VAN UITERT AND S.C. BORST. A reduced-load equivalence for
Generalised Processor Sharing networks with heavy-tailed input flows.
CWI report PNA-R0007, 2000.

W. WILLINGER, M.S. TAQQU, W.E. LELAND AND D.V. WILSON.
Self-similarity in high-speed packet traffic: analysis and modeling of Eth-
ernet traffic measurements. Satistical Science 10, 67 — 85, 1995.

A.P. ZWART. Tail asymptotics for the busy period in the GI/G/1 queue.
Technica report COSOR 99-12 Eindhoven University of Technology,
1999, to appear in Mathematics of Operations Research 2001.

278

IEEE INFOCOM 2001



